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MULTI-INDEXED JACOBI POLYNOMIALS AND MAYA
DIAGRAMS
KOUICHI TAKEMURA
Abstract. Multi-indexed Jacobi polynomials are defined by the Wronskian of
four types of eigenfunctions of a deformed Po¨schl-Teller Hamiltonian. We give
a correspondence between multi-indexed Jacobi polynomials and pairs of Maya
diagrams, and we show that any multi-indexed Jacobi polynomial is essentially
equal to some multi-indexed Jacobi polynomial of two types of eigenfunction. As
an application, we show a Wronskian-type formula of some special eigenstates of
the deformed Po¨schl-Teller Hamiltonian.
1. Introduction
Recently systems of orthogonal polynomials which are out of range of Bochner’s
theorem are studied actively (see [4, 7, 5, 8] and references therein). A typical ex-
ample of them is the multi-indexed Jacobi polynomials, which is a generalizations of
exceptional Jacobi polynomials. Here we recall the systems of quantum mechanics
which are related to the multi-indexed Jacobi polynomials. The Hamiltonian with
the Po¨schl-Teller (PT) potential is given by
H = −
d2
dx2
+ U(x; g, h), U(x; g, h) =
g(g − 1)
sin2 x
+
h(h− 1)
cos2 x
− (g + h)2.(1.1)
The eigenstate with the energy En(g, h) = 4n(n+ g + h) (n = 0, 1, 2, . . . ) is given by
φn(x; g, h) = (sin x)
g(cosx)hP (g−1/2,h−1/2)n (η(x)), η(x) = cos(2x),(1.2)
where P
(α,β)
n (η) is the Jacobi polynomial in the variable η defined by
(1.3) P (α,β)n (η) =
(α + 1)n
n!
n∑
k=0
(−n)k(n+ α + β + 1)k
k!(α + 1)k
(
1− η
2
)k
.
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Then the eigenstate is square-integrable
∫ π/2
0
φn(x; g, h)
2dx < +∞ in the case g >
−1/2, h > −1/2. To define the multi-indexed Jacobi polynomials ([9, 4]), we intro-
duce three types of seed polynomial solutions indexed by v ∈ Z≥0:
φ˜Iv(x; g, h) = (sin x)
g(cosx)1−hP (g−1/2,1/2−h)v (η(x)),(1.4)
φ˜IIv (x; g, h) = (sin x)
1−g(cosx)hP (1/2−g,h−1/2)v (η(x)),
φ˜IIIv (x; g, h) = (sin x)
1−g(cosx)1−hP (1/2−g,1/2−h)v (η(x)).
They are solutions of the Schro¨dinger equation (1.1) with the eigenvalues E˜ Iv(g, h) =
−4(g + v + 1/2)(h − v − 1/2), E˜ IIv (g, h) = E˜
I
−(v+1)(g, h), E˜
III
v (g, h) = E−(v+1)(g, h)
respectively, which are not square-integrable in the case g ≥ 3/2, h ≥ 3/2. In this
paper we assume that g±h 6∈ Z and g, h 6∈ Z+1/2 under which the distinct eigenstates
and seed solutions are linearly independent. Let ϕj be a seed solution or an eigenstate
for j = 1, . . . ,N and assume that ϕ1, . . . , ϕN are distinct. Let W [ϕ1, . . . , ϕN ′](x) be
the Wronskian with respect to the derivative of the variable x. Then it follows from
the typical argument ([2, 1, 6]) that
(1.5) φ(N )n (x) =
W[ϕ1, . . . , ϕN , φn](x)
W[ϕ1, . . . , ϕN ](x)
is an eigenfunction of the deformed Hamiltonian
H(N ) = −
d2
dx2
+ U(x; g, h)− 2
d2 logW[ϕ1, . . . , ϕN ](x)
dx2
(1.6)
with the same eigenvalue En = 4n(n + g + h), provided that the deformed potential
is non-singular on the open interval (0, pi/2), ϕ1, . . . , ϕN , φn are distinct, and g, h
are enough large (see also [9]). The multi-indexed Jacobi polynomial is defined by
the polynomial part of the denominator of φ
(N )
n . In this paper we extend the notion
of the multi-indexed Jacobi polynomial such that the polynomial part of the Wron-
skian W[ϕ1, . . . , ϕN , φn](x) or W[ϕ1, . . . , ϕN ](x) in the variable η. For example the
Wronskian W[φ˜I1φ˜
II
2 φ˜
III
1 ](x) is equal to
(2g−1)(2h+1)
16
(sin x)1−g(cosx)1−hP (η(x)), where
P (η) is a multi-indexed Jacobi polynomial of degree 5 such that the coefficient of
η5 is (g − h + 2)(g − h − 1)(g − h − 3)(g − h − 4)(g + h − 3). We remark that the
deformed potentials may coincide for a different choice of seed solutions ϕ1, . . . , ϕN
and ϕ′1, . . . , ϕ
′
N ′.
In this paper, we connect the tuple of seed solutions ϕ1, . . . , ϕN to a pair of Maya
diagram with a division, and we show that the Maya diagrams describe relations
among the Wronskians W[ϕ1, . . . , ϕN ](x). As a corollary, the polynomial part of the
Wronskian W[ϕ1, . . . , ϕN ](x) is proportional to the polynomial part of some Wron-
skian which constitutes the type I seed solutions and the square-integrable eigenstates
with shifted parameters. Let us explain our results by an example. The tuple φ˜I1φ˜
II
2 φ˜
III
1
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corresponds to
(III)
· · · • • ◦ •| ◦ ◦ ◦ ◦ . . .
. . . 3 2 1 0 0 1 2 3 . . .
(eigenstates), (II)
· · · • • ◦ • • | ◦ • ◦ ◦ . . .
. . . 4 3 2 1 0 0 1 2 3 . . .
(I),
where the white (resp. black) beads in the left (resp. right) of the division of the first
Maya diagram represented the type III seed solutions (resp. the eigenstates) and the
white (resp. black) beads in the left (resp. right) of the division of the second Maya
diagram represent the type II (resp. type I) seed solutions. We move the division
of the second Maya diagram one step to the left. Then the resulting Maya diagrams
with divisions are
· · · • • ◦ •| ◦ ◦ ◦ ◦ . . .
. . . 3 2 1 0 0 1 2 3 . . .
,
· · · • • ◦ •| • ◦ • ◦ ◦ . . .
. . . 3 2 1 0 0 1 2 3 4 . . .
,
the corresponding tuple of states is φ˜I0φ˜
I
2φ˜
II
1 φ˜
III
1 and the relation between the Wron-
skians is W [φ˜I1φ˜
II
2 φ˜
III
1 ](x; g, h) ∝W [φ˜
I
0φ˜
I
2φ˜
II
1 φ˜
III
1 ](x; g−1, h+1)(sin x)
1−g(cosx)h. Note
that similar formulas were obtained in [9, 10, 8]. We move the division of the first and
the second Maya diagrams repeatedly to the left. Then we have the Maya diagrams
with divisions
· · · • •| ◦ • ◦ ◦ ◦ ◦ . . .
. . . 1 0 0 1 2 3 4 5 . . .
,
· · · • •| ◦ • • ◦ • ◦ ◦ . . .
. . . 1 0 0 1 2 3 4 5 6 . . .
,
and the relationW [φ˜I1φ˜
II
2 φ˜
III
1 ](x; g, h) ∝ W [φ˜
I
1φ˜
I
2φ˜
I
4φ1](x, g−5, h+1)(sinx)
15−5g(cosx)h.
Thus the given Wronskian is proportional to the Wronskian which consists of the first
seed solutions and the eigenstates. For the general statement, see the propositions
and the theorem in section 3. Note that Odake [8] established that the polynomial
part of the Wronskian W[ϕ1, . . . , ϕN ](x) where ϕi is a type I seed solution or a type
II seed solution is proportional to the polynomial part of some Wronskian which con-
stitutes the type I seed solutions with shifted parameters, where the systems include
the discrete quantum mechanics.
We give an application to the eigenstates of the deformed PT system which are
represented by deleting a seed solution in section 4. In an example of the system
governed by the Hamiltonian
H(3) = −
d2
dx2
+ U(x; g, h)− 2
d2 logW[φ˜I1φ˜
II
2 φ˜
III
1 ](x)
dx2
,(1.7)
the function
(1.8) φ
(3)
−2(x) =
W[φ˜I1φ˜
II
2 ](x)
W[φ˜I1φ˜
II
2 φ˜
III
1 ](x)
is an eigenfunction of the Hamiltonian with the eigenvalue E−2 = −8(g+h−2). As a
consequence, the positions of the white beads of the first Maya diagram describe the
energies of the system. Note that the eigenfunctions represented by deleting a seed
solution were considered in [11, 3] in the different situations.
4 KOUICHI TAKEMURA
This article is organized as follows. In section 2, we obtain formulas which are used
later. Section 3 is the main part of this paper. In section 4, we give an application
to the extra eigenstates of the deformed PT system. In section 5, we give concluding
remarks.
2. Darboux transformation and relations of Wronskian
We apply Darboux transformation with respect to the seed solution φ˜I0(x; g, h) =
(sin x)g(cosx)1−h in the PT system. Then
φ(1)n (x) =
W[φ˜I0, φn](x; g, h)
φ˜I0(x; g, h)
, φ˜(1),Iv (x) =
W[φ˜I0, φ˜
I
v](x; g, h)
φ˜I0(x; g, h)
,(2.1)
φ˜(1),IIv (x) =
W[φ˜I0, φ˜
II
v ](x; g, h)
φ˜I0(x; g, h)
, φ˜(1),IIIv (x) =
W[φ˜I0, φ˜
III
v ](x; g, h)
φ˜I0(x; g, h)
,
are eigenfunctions of the deformed Hamiltonian
H(1) = −
d2
dx2
+ U(x; g, h)− 2
d2 log((sin x)g(cosx)1−h)
dx2
= −
d2
dx2
+ U(x; g + 1, h− 1)
(2.2)
with the eigenvalues En(g, h) = 4n(n+g+h), E˜ Iv(g, h) = −4(g+v+1/2)(h−v−1/2),
E˜ IIv (g, h) = −4(g−v−1/2)(h+v+1/2), E˜
III
v (g, h) = −4(v+1)(g+h−v−1) respectively.
On the other hand, the functions φn(x; g+1, h− 1), φ˜Iv−1(x; g+1, h− 1), φ˜
II
v+1(x; g+
1, h−1), φ˜IIIv (x; g+1, h−1) are also an eigenfunction of −
d2
dx2
+U(x; g+1, h−1) with
the eigenvalues 4n(n+g+h), −4(g+v+1/2)(h−v−1/2), −4(g−v−1/2)(h+v+1/2),
−4(v + 1)(g + h − v − 1) respectively. By comparing eigenfunctions with the same
eigenvalue, we have the following relations;
W[φ˜I0, φn](x; g, h) ∝ φn(x; g + 1, h− 1)φ˜
I
0(x; g, h),(2.3)
W[φ˜I0, φ˜
I
n](x; g, h) ∝ φ˜
I
n−1(x; g + 1, h− 1)φ˜
I
0(x; g, h),
W[φ˜I0, φ˜
II
n ](x; g, h) ∝ φ˜
II
n+1(x; g + 1, h− 1)φ˜
I
0(x; g, h),
W[φ˜I0, φ˜
III
n ](x; g, h) ∝ φ˜
III
n (x; g + 1, h− 1)φ˜
I
0(x; g, h).
Proof. The functions φ
(1)
n (x) and φn(x; g+1, h−1) satisfy the linear differential equa-
tion {− d
2
dx2
+ U(x; g + 1, h− 1)− 4n(n + g + h)}f(x) = 0. Thus they belong to the
two dimensional vector space of solutions of the differential equation. The differ-
ential equation has a regular singularity along x = 0 and the exponents are g + 1
and −g, and any solutions of the differential equation is written as a liner combina-
tion of xg+1f1(x
2) and x−gf2(x
2), where f1(t) and f2(t) are convergent power series
of t such that f1(1) = f2(1) = 1. The function φn(x; g + 1, h − 1) is expanded as
xg+1(c0 + c2x
2 + c4x
4 + . . . ). On the other hand, the function φ
(1)
n (x) = φ′n(x; g, h)−
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φn(x; g, h)φ˜
I
0(x; g, h)
′/φ˜I0(x; g, h) are expanded as x
g+1(c′0+ c
′
2x
2+ c′4x
4+ . . . ). There-
fore the function φ
(1)
n (x) is proportional to the function φn(x; g + 1, h − 1), i.e.
W[φ˜I0, φn](x; g, h) ∝ φn(x; g + 1, h − 1)φ˜
I
0(x; g, h). Other relations are shown simi-
larly. 
We denote the square-integrable eigenstate by the type ”null” eigenfunction, i.e.
φ˜Nn (x; g, h) = φn(x; g, h). Then the following proposition is proved by similar ways to
obtain Eq.(2.3).
Proposition 2.1. Let J ∈ {I, II, III,N}. We have
W[φ˜I0, φ˜
J
n](x; g, h) ∝ φ˜
J
n−(I,J)(x; g + 1, h− 1)φ˜
I
0(x; g, h),(2.4)
W[φ˜II0 , φ˜
J
n](x; g, h) ∝ φ˜
J
n−(II,J)(x; g − 1, h+ 1)φ˜
II
0 (x; g, h),
W[φ˜III0 , φ˜
J
n](x; g, h) ∝ φ˜
J
n−(III,J)(x; g − 1, h− 1)φ˜
III
0 (x; g, h),
W[φ0, φ˜
J
n](x; g, h) ∝ φ˜
J
n−(N,J)(x; g + 1, h+ 1)φ0(x; g, h),
where
(2.5) (J, J ′) =


1 J = J ′,
−1 {J, J ′} = {I, II} or {III,N},
0 otherwise.
By applying the formula of Wronskians
(2.6)
W[ϕ1, . . . , ϕM , f, g](x)W[ϕ1, . . . , ϕM ](x) = W[W[ϕ1, . . . , ϕM , f ](x),W[ϕ1, . . . , ϕM , g](x)]
(see [2]), we have the following relations;
Proposition 2.2. Let tj ∈ {I, II, III,N} and nj ∈ {0, 1, 2, . . . }. We have
W[φ˜I0, φ˜
t1
n1, . . . , φ˜
tM
nM
](x; g, h) ∝W[φ˜t1n1−(I,t1), . . . , φ˜
tM
nM−(I,tM )
](x; g + 1, h− 1)φ˜I0(x; g, h),
(2.7)
W[φ˜II0 , φ˜
t1
n1
, . . . , φ˜tMnM ](x; g, h) ∝W[φ˜
t1
n1−(II,t1)
, . . . , φ˜tMnM−(II,tM )](x; g − 1, h+ 1)φ˜
II
0 (x; g, h),
W[φ˜III0 , φ˜
t1
n1
, . . . , φ˜tMnM ](x; g, h) ∝W[φ˜
t1
n1−(III,t1)
, . . . , φ˜tMnM−(III,tM )](x; g − 1, h− 1)φ˜
III
0 (x; g, h),
W[φ0, φ˜
t1
n1
, . . . , φ˜tMnM ](x; g, h) ∝W[φ˜
t1
n1−(N,t1)
, . . . , φ˜tMnM−(N,tM )](x; g + 1, h+ 1)φ0(x; g, h).
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Proof. We show the first relation by the induction ofM , because the others are shown
similarly. The case M = 1 is true. We assume that the case M ≤ k is true. Then
W[φ˜I0, φ˜
t1
n1, . . . , φ˜
tk−1
nk−1
, φ˜tknk , φ˜
tk+1
nk+1
](x; g, h)W[φ˜I0, φ˜
t1
n1, . . . , φ˜
tk−1
nk−1
](x; g, h)
= W[W[φ˜I0, φ˜
t1
n1, . . . , φ˜
tk−1
nk−1
, φ˜tknk ](x; g, h),W[φ˜
I
0, φ˜
t1
n1, . . . , φ˜
tk−1
nk−1
, φ˜tk+1nk+1](x; g, h)]
∝W[W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
, φ˜tknk−(I,tk)](x; g + 1, h− 1)φ˜
I
0(x; g, h),
W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
, φ˜
tk+1
nk+1−(I,tk+1)
](x; g + 1, h− 1)φ˜I0(x; g, h)]
= W[W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
, φ˜tknk−(I,tk)](x; g + 1, h− 1),
W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
, φ˜
tk+1
nk+1−(I,tk+1)
](x; g + 1, h− 1)]φ˜I0(x; g, h)
2
= W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
, φ˜tknk−(I,tk), φ˜
tk+1
nk+1−(I,tk+1)
](x; g + 1, h− 1)
W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
](x; g + 1, h− 1)]φ˜I0(x; g, h)
2.
Combining with
W[φ˜I0, φ˜
t1
n1
, . . . , φ˜tk−1nk−1](x; g, h)
∝W[φ˜t1n1−(I,t1), . . . , φ˜
tk−1
nk−1−(I,tk−1)
](x; g + 1, h− 1)φ˜I0(x; g, h),
we obtain the proposition for the case M = k + 1. 
3. Maya diagrams and Wronskian
A Maya diagram is a placement of white beads (◦) or black ones (•) in a line such
that the beads at a sufficiently negative (left) position are black and the ones at a
sufficiently positive (right) position are white.
For the tuple of states
(3.1) φ˜IdI
1
, φ˜IdI
2
, . . . , φ˜IdI
MI
, φ˜IIdII
1
, . . . , φ˜IIdII
MII
, φ˜IIIdIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . . , φdN
MN
,
we associate a couple of Maya diagrams with a division as follows;
1. The dIIIk + 1-st bead to the left of the division of the first Maya diagram is white
(◦) for k = 1, 2, . . . ,MIII, and the remainder of the beads to the left of the division is
black (•).
2. The dNk + 1-st bead to the right of the division of the first Maya diagram is black
(•) for k = 1, 2, . . . ,MN, and the remainder of the beads to the right of the division
is white (◦).
3. The dIIk +1-st bead to the right of the division of the second Maya diagram is black
(•) for k = 1, 2, . . . ,MII, and the remainder of the beads to the right of the division
is white (◦).
4. The dIk +1-st bead to the left of the division of the second Maya diagram is white
(◦) for k = 1, 2, . . . ,MI, and the remainder of the beads to the left of the division is
black (•).
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An example is given in the introduction. We give another example here. The tuple
of states φ˜I2φ˜
I
3φ˜
II
0 φ˜
II
2 φ˜
III
3 φ0φ1 corresponds to the following Maya diagrams;
· · · • • • ◦ • • • | • • ◦ ◦ ◦ . . . , · · · • • • ◦ • ◦| ◦ ◦ • • ◦ ◦ ◦ . . . .
We go back to the general situation where the tuple of state is given by Eq.(3.1) and
assume that 0 ≤ dJ1 < d
J
2 < · · · < d
J
MJ
for J ∈ {I, II, III,N}. We move the division
of the second Maya diagram one step to the left. Then the corresponding tuple of
states is
φ˜I0, φ˜
I
dI
1
+1, . . . , φ˜
I
dI
MI
+1, φ˜
II
dII
1
−1, . . . , φ˜
II
dII
MII
−1, φ˜
III
dIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . . , φdN
MN
, dII1 6= 0,
(3.2)
φ˜IdI
1
+1, . . . , φ˜
I
dI
MI
+1, φ˜
II
dII
2
−1, . . . , φ˜
II
dII
MII
−1, φ˜
III
dIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . . , φdN
MN
, dII1 = 0.
In the example of φ˜I2φ˜
I
3φ˜
II
0 φ˜
II
2 φ˜
III
3 φ0φ1, we have d
II
1 = 0, the changed Maya diagrams
are
· · · • • • ◦ • • • | • • ◦ ◦ ◦ . . . , · · · • • • ◦ • | ◦ ◦ ◦ • • ◦ ◦ ◦ . . . .
and the tuple of state corresponding to the changed Maya diagrams is φ˜I3φ˜
I
4φ˜
II
1 φ˜
III
3 φ0φ1.
It follows from Proposition 2.2 that the Wronskian
(3.3) W[φ˜IdI
1
, . . . , φ˜IdI
MI
, φ˜IIdII
1
, . . . , φ˜IIdII
MII
, φ˜IIIdIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . . , φdN
MN
](x; g, h)
is proportional to
W[φ˜I0, φ˜
I
dI
1
+1, . . . , φ˜
I
dI
MI
+1, φ˜
II
dII
1
−1, . . . , φ˜
II
dII
MII
−1, φ˜
III
dIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . .(3.4)
. . . , φdN
MN
](x, g − 1, h+ 1)/φ˜I0(x; g − 1, h+ 1)
for dII1 6= 0 and to
W[φ˜IdI
1
+1, . . . , φ˜
I
dI
MI
+1, φ˜
II
dII
2
−1, . . . , φ˜
II
dII
MII
−1, φ˜
III
dIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . .(3.5)
. . . , φdN
MN
](x, g − 1, h+ 1)φ˜II0 (x; g, h)
for dII1 = 0. Note that in the case that the states in the Wronskian are type ai and II,
the relations were obtained by Odake and Sasaki [9, 10], although the proof seems to
be different from ours. By using 1/φ˜I0(x; g−1, h+1) = φ˜
II
0 (x; g, h) = (sin x)
1−g(cos x)h,
we have the following proposition on the movement of the division of the second Maya
diagram.
Proposition 3.1. If the division of the second Maya diagram is moved one step to
the left, then the original Wronskian is proportional to the product of the function
(sin x)1−g(cosx)h and the Wronskian corresponding to the moved division where the
parameters are shifted to g − 1 and h+ 1.
On the movement of the division of the first Maya diagram, we have
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Proposition 3.2. If the division of the first Maya diagram is moved one step to
the left, then the original Wronskian is proportional to the product of the function
(sin x)1−g(cosx)1−h and the Wronskian corresponding to the moved division where
the parameters are shifted to g − 1 and h − 1, i.e. the Wronskian given as Eq.(3.3)
is proportional to
W[φ˜IdI
1
, . . . , φ˜IdI
MI
, φ˜IIdII
1
, . . . , φ˜IIdII
MII
, φ˜IIIdIII
1
−1, . . . , φ˜
III
dIII
MIII
−1, φ0, φdN1 +1, . . .(3.6)
. . . , φdN
MN
+1](x, g − 1, h− 1)(sin x)
1−g(cosx)1−h
for dIII1 6= 0 and to
W[φ˜IdI
1
, . . . , φ˜IdI
MI
, φ˜IIdII
2
, . . . , φ˜IIdII
MII
, φ˜IIIdIII
2
−1, . . . , φ˜
III
dIII
MIII
−1, φdN1 +1, . . .
. . . , φdN
MN
+1](x, g − 1, h− 1)(sin x)
1−g(cosx)1−h
for dIII1 = 0.
For a given tuple of states, we associate a pair of Maya diagrams with a division
and we move the divisions to the left. By applying the propositions repeatedly,
we find that the Wronskian of a given tuple of states is equal to some Wronskian
which constitutes the type I states and the square-integrable states up to a scalar
multiplication. Namely we obtain
Theorem 3.3. Let D¯J = {0, 1, 2, . . . , dJMJ}\{d
J
MJ
−dJ1, d
J
MJ
−dJ2, . . . , d
J
MJ
−dJMJ(= 0)}
and write D¯J = {eJ1, e
J
2, . . . , e
J
M¯J
} (eJ1 < e
J
2 < · · · < e
J
M¯J
, M¯J = d
J
MJ
+ 1 − MJ) for
J ∈ {I, II, III,N}. We have
W[φ˜IdI
1
, . . . , φ˜IdI
MI
, φ˜IIdII
1
, . . . , φ˜IIdII
MII
, φ˜IIIdIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . . , φdN
MN
](x; g, h)
(3.7)
∝W[φ˜IeII
1
, . . . , φ˜IeII
M¯II
, φ˜IdI
1
+dII
MII
+1, . . . , φ˜
I
dI
MI
+dII
MII
+1, φ˜
N
eIII
1
, . . . , φ˜NeIII
M¯III
, φ˜NdN
1
+dIII
MIII
+1, . . .
, φ˜NdN
MN
+dIII
MIII
+1](x, g − d
II
MII
− dIIIMIII − 2, h+ d
II
MII
− dIIIMIII)(sin x)
gI,N(cos x)hI,N ,
where gI,N = (d
II
MII
+dIIIMIII+2){−g+(d
II
MII
+dIIIMIII+3)/2} and hI,N = (d
II
MII
−dIIIMIII){h+
(dIIMII − d
III
MIII
− 1)/2}.
Proof. We move the division of the second Maya diagram of the given states dIIMII +1
times to the left. By noticing the placement of the black beads on the right of the
moved division, we find that the left-hand side of Eq.(3.7) is proportional to
W[φ˜IeII
1
, . . . , φ˜IeII
M¯II
, φ˜IdI
1
+dII
MII
+1, . . . , φ˜
I
dI
MI
+dII
MII
+1, φ˜
III
dIII
1
, φ˜IIIdIII
2
, . . . , φ˜IIIdIII
MIII
,(3.8)
φdN
1
, φdN
2
, . . . , φdN
MN
]](x, g − dIIMII − 1, h+ d
II
MII
+ 1)(sin x)g
′
(cosx)h
′
,
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where g′ = (dIIMII + 1){−g + (d
II
MII
+ 2)/2} and h′ = (dIIMII + 1)(h+ d
II
MII
/2). We move
further the division of the first Maya diagram dIIIMIII + 1 times to the left. Then we
obtain the theorem. 
In the example of φ˜I2φ˜
I
3φ˜
II
0 φ˜
II
2 φ˜
III
3 φ0φ1, we have D¯II = {0, 1, 2} \ {2, 0} = {1}, D¯III =
{1, 2, 3} and
W[φ˜I2φ˜
I
3φ˜
II
0 φ˜
II
2 φ˜
III
3 φ0φ1](x; g, h)(3.9)
∝W[φ˜I1φ˜
I
5φ˜
I
6φ1φ2φ3φ4φ5](x, g − 7, h− 1)(sin x)
28−7g(cosx)1−h,
and the corresponding Maya diagrams are
· · · • • • | ◦ • • • • • ◦ ◦ ◦ . . . , · · · • • • | ◦ • ◦ ◦ ◦ • • ◦ ◦ ◦ . . . .
Note that the left-hand side of Eq.(3.7) is also proportional to each Wronskian of
the followings;
W[φ˜IeII
1
, . . . , φ˜IeII
M¯II
, φ˜IdI
1
+dII
MII
+1, . . . , φ˜
I
dI
MI
+dII
MII
+1, φ˜
III
eN
1
, . . . , φ˜IIIeIII
M¯N
, φ˜IIIdIII
1
+dN
MN
+1, . . .
. . . , φ˜IIIdIII
MIII
+dN
MN
+1](x, g − d
II
MII
+ dNMN, h+ d
II
MII
+ dNMN + 2)(sin x)
gI,III(cosx)hI,III,
W[φ˜IIeI
1
, . . . , φ˜IIeI
M¯I
, φ˜IIdII
1
+dI
MI
+1, . . . , φ˜
II
dII
MII
+dI
MI
+1, φ˜
N
eIII
1
, . . . , φ˜NeIII
M¯III
, φ˜NdN
1
+dIII
MIII
+1, . . .
. . . , φ˜NdN
MN
+dIII
MIII
+1](x, g + d
I
MI
− dIIIMIII, h− d
I
MI
− dIIIMIII − 2)(sin x)
gII,N(cosx)hII,N ,
W[φ˜IIeI
1
, . . . , φ˜IIeI
M¯I
, φ˜IIdII
1
+dI
MI
+1, . . . , φ˜
II
dII
MII
+dI
MI
+1, φ˜
III
eN
1
, . . . , φ˜IIIeIII
M¯N
, φ˜IIIdIII
1
+dN
MN
+1, . . .
. . . , φ˜IIIdIII
MIII
+dN
MN
+1](x, g + d
I
MI
+ dNMN + 2, h− d
I
MI
+ dNMN)(sin x)
gII,III(cosx)hII,III,
where gI,III = (d
II
MII
− dNMN){g + (d
II
MII
− dNMN − 1)/2}, hI,III = (d
II
MII
+ dNMN + 2){h +
(dIIMII + d
N
MN
+ 1)/2}, gII,N = (dIMIII − d
III
MIII
){g + (dIMI − d
III
MIII
− 1)/2}, hII,N = (dIMI +
dIIIMIII +2){−h+ (d
I
MI
+ dIIIMIII +3)/2}, gII,III = (d
N
MN
+ dIMI +2){g+(d
N
MN
+ dIMI +1)/2}
and hII,III = (d
N
MN
− dIMI){h+ (d
N
MN
− dIMI − 1)/2}.
4. Application to extra eigenstates
We give an applications of the relations of the Wronskians in section 3 to the extra
eigenstates of the deformed PT system.
Proposition 4.1. Let ϕj be a seed solution or an eigenstate for j = 1, . . . ,N and
assume that ϕ1, . . . , ϕN are distinct and ϕℓ = φ˜
III
m . Then
(4.1) φ(N )n (x) =
W[ϕ1, . . . , ϕℓ−1, ϕℓ+1, . . . ϕN ](x; g, h)
W[ϕ1, . . . , ϕN ](x; g, h)
is an eigenfunction of the deformed PT Hamiltonian
H(N ) = −
d2
dx2
+ U(x; g, h)− 2
d2 logW[ϕ1, . . . , ϕN ](x; g, h)
dx2
(4.2)
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with the eigenvalue E−m−1 = −4(m + 1)(g + h−m− 1), provided that the deformed
potential is non-singular on the open interval (0, pi/2) and g, h are enough large.
Proof. We associate the tuple ϕ1, . . . , ϕN to a pair of Maya diagrams with a division.
Then the m+1-st bead to the left of the division of the first Maya diagram is white.
We move the division of the first Maya diagramm+1-times to the left, and denote the
corresponding tuple by ϕ′1, . . . , ϕ
′
N ′. Since the first bead to the right of the division
is white, no one of ϕ′1, . . . , ϕ
′
N ′ is proportional to φ0. Hence the function
(4.3) φ
(N ′)
0 (x) =
W[ϕ′1, . . . ϕ
′
N ′, φ0](x; g −m− 1, h−m− 1)
W[ϕ′1, . . . , ϕ
′
N ′](x; g −m− 1, h−m− 1)
is an eigenfunction of the deformed Hamiltonian
H(N
′) = −
d2
dx2
+ V,
(4.4)
V = U(x; g −m− 1, h−m− 1)− 2
d2 logW[ϕ′1, . . . , ϕ
′
N ′](x; g −m− 1, h−m− 1)
dx2
with the eigenvalue E0 = 0. The Maya diagrams of the tuple ϕ
′
1, . . . ϕ
′
N ′, φ0 are ob-
tained from the ones of the tuple ϕ′1, . . . , ϕ
′
N ′ by changing the first bead to the right
of the division of the first Maya diagram to black. We move the divisions of the first
Maya diagrams of ϕ′1, . . . , ϕ
′
N ′ and that of ϕ
′
1, . . . ϕ
′
N ′ , φ0 m + 1-times to the right.
Then we recover ϕ1, . . . , ϕN from ϕ
′
1, . . . , ϕ
′
N ′ and we have ϕ1, . . . , ϕℓ−1, ϕℓ+1, . . . ϕN
from ϕ′1, . . . ϕ
′
N ′ , φ0. It follows from W[ϕ
′
1, . . . , ϕ
′
N ′](x; g − m − 1, h − m − 1) ∝
W[ϕ1, . . . , ϕN ](x; g, h)(sinx)
(m+1){g−(m+2)/2}(cosx)(m+1){h−(m+2)/2} that
V = U(x; g, h)− 2
d2 logW[ϕ1, . . . , ϕN ′](x; g, h)
dx2
+ 4(m+ 1)(g + h−m− 1).(4.5)
Combining with W[ϕ′1, . . . , ϕ
′
N ′, φ0](x; g −m− 1, h−m− 1) ∝
W[ϕ1, . . . , ϕℓ−1, ϕℓ+1, . . . ϕN ](x; g, h)(sin x)
(m+1){g−(m+2)/2}(cos x)(m+1){h−(m+2)/2},
we have the proposition. 
We investigate the eigenvalues of the deformed PT Hamiltonian given by Eq.(4.2)
where the states ϕ1, . . . , ϕN are described as Eq.(3.1), the deformed potential is non-
singular on the open interval (0, pi/2) and g, h are enough large. It follows from Propo-
sition 4.1 that the eigenvalue E−m−1 = −4(m+1)(g+h−m−1) (m ∈ {dIII1 , . . . , d
III
MIII
})
is permitted. The eigenvalue En = 4n(g + h + n) (n ∈ Z≥0 \ {dN1 , . . . , d
N
MN
}) is per-
mitted and the eigenfunction is given by Eq.(1.5). The labeling of the eigenvalues
corresponds to the position of the white beads of the first Maya diagram.
In the example of the deformed PT Hamiltonian given by the states φ˜I3φ˜
II
2 φ˜
III
1 φ˜
III
4
φ˜III5 φ1φ3, the permitted eigenvalues are E−6, E−5, E−2, E0, E2, E4, E5, E6, . . . and the
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first Maya diagram with division is
· · · • • • ◦ ◦ • • ◦ • | ◦ • ◦ • ◦ ◦ ◦ . . .
. . . -9-8-7-6-5-4-3-2-1 0 1 2 3 4 5 6 . . .
.
5. Concluding remarks
In this article, we gave a correspondence between tuples of states and pairs of
Maya diagrams with a division. We have shown that a movement of the division
corresponds to an identity of Wronskians of the states and that any Wronskian of
four types of states is essentially equal to a Wronskian of eigenstates and type I seed
solutions. Here we propose a problem that the condition
W[φ˜IdI
1
, . . . , φ˜IdI
MI
, φ˜NdN
1
, . . . , φ˜NdN
MN
](x, g, h) ∝(5.1)
W[φ˜I
d˜I
1
, . . . , φ˜I
d˜I
M˜I
, φ˜N
d˜N
1
, . . . , φ˜N
d˜N
M˜N
](x, g +m1, h+m2)(sin x)
m3(cosx)m4 ,
(0 < dJ1 < · · · < d
J
MJ
, 0 < d˜J1 < · · · < d˜
J
MJ
, (J = I,N), m1, m2 ∈ Z, m3, m4 ∈ R) for any
g and h leads to that the two tuples coincide and m1 = m2 = m3 = m4 = 0 or not?
If g and h are special, the above problem is negative because we have examples (e.g.
the systems equivalent to φ˜I2φ˜
III
1 (g = 3(h−3)/(4h−9)) and φ˜
I
1φ˜
III
2 (g = 3h/(4h−9)))
in [5].
Our results in this article hold essentially true for the multi-indexed Laguerre poly-
nomials. We express the corresponding results for the multi-indexed Laguerre poly-
nomials by using the notations in [12]. We also associate tuples of eigenstates and
three types of seed solutions Maya diagrams with couples of Maya diagrams with
divisions. Then a movement of the division corresponds to an identity of Wronskians
of the states. It is also shown that any Wronskian of four types of states is essentially
equal to a Wronskian of eigenstates and type I seed solutions. Namely we have
W[φ˜IdI
1
, . . . , φ˜IdI
MI
, φ˜IIdII
1
, . . . , φ˜IIdII
MII
, φ˜IIIdIII
1
, . . . , φ˜IIIdIII
MIII
, φdN
1
, . . . , φdN
MN
](x; g)
(5.2)
∝W[φ˜IeII
1
, . . . , φ˜IeII
M¯II
, φ˜IdI
1
+dII
MII
+1, . . . , φ˜
I
dI
MI
+dII
MII
+1, φ˜
N
eIII
1
, . . . , φ˜NeIII
M¯III
, φ˜NdN
1
+dIII
MIII
+1, . . .
, φ˜NdN
MN
+dIII
MIII
+1](x, g − d
II
MII
− dIIIMIII − 2)x
gI,N exp((dIIIMIII − d
II
MII
)x2/2),
instead of Eq.(3.7), where the notations in Theorem 3.3 are used. Key relations are
W[φ˜I0, φ˜
J
n](x; g) ∝ φ˜
J
n−(I,J)(x; g + 1)φ˜
I
0(x; g),(5.3)
W[φ˜II0 , φ˜
J
n](x; g) ∝ φ˜
J
n−(II,J)(x; g − 1)φ˜
II
0 (x; g),
W[φ˜III0 , φ˜
J
n](x; g) ∝ φ˜
J
n−(III,J)(x; g − 1)φ˜
III
0 (x; g),
W[φ0, φ˜
J
n](x; g) ∝ φ˜
J
n−(N,J)(x; g + 1)φ0(x; g),
which corresponds to Eq.(2.4).
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Odake and Sasaki [10] extended the multi-indexed orthogonal polynomials to multi-
indexed Wilson and Askey-Wilson polynomials, which appear in the discrete quantum
mechanics, and Odake [8] established that a multi-indexed Wilson (Askey-Wilson)
polymonial which is expressed by type I seed solutions and the type II seed solutions is
proportional to a multi-indexed Wilson (Askey-Wilson) polymonial which is expressed
by only type I seed solutions. We believe that Odake’s results are generalized and
the results in this article are extended to the multi-indexed Wilson and Askey-Wilson
polynomials.
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